In this paper, the method of direction-of-arrival (DOA) estimation for wideband signals based on sparse representation of FRFT domain is proposed by using the excellent convergence of FRFT to LFM signals. This method focuses the wideband signal to the reference frequency using FRFT, establishes the DOA estimation model and the array manifold matrix in the FRFT domain, and reconstructs the spatial spectral function based on the sparse representation of the spatial angles, so as to realize the wideband LFM signal DOA estimations. The method not only is suitable for non-coherent signals but also can process coherent signals directly without any decoherent operations; in addition, the number of signals is not necessarily known a priori. Simulation results show that the proposed method can achieve better estimation performance and higher angular resolution, especially under low signal-to-noise ratio (SNR) condition.
Introduction
Array signal processing has been widely used in many fields as the main means of spatial domain processing. Because of its large time-bandwidth product, the wideband signal has more abundant information than the narrowband signal. It has been widely used in radar, communication, medicine, seismic exploration, and other fields.
Classical wideband direction-of-arrival (DOA) estimation methods include incoherent signal subspace method (ISSM) [1] and coherent signal subspace method (CSSM) [2] [3] [4] [5] . These two methods are based on the frequency domain model of wideband signals and decompose the wideband signals into many narrowband signals with a filter bank or the discrete Fourier transform (DFT). The ISSM method uses only the frequency information of each sub-band in the estimation without taking full advantage of the entire information of the whole band, so its resolution is low and the coherent signals cannot be estimated. The CSSM method transforms the wideband signal to a certain reference frequency through the focusing transformation, thus, all the frequency information of the wideband signal can be effectively synthesized, and then averaging the covariance matrix after focusing, thereby reducing the correlation between the signals, so that the rank of covariance matrix is equal to the number of sources, and the purpose of decoherence is achieved. Finally, the DOA estimation method of narrowband signals is used to estimate the angles. The CSSM method has good estimation accuracy, and the computational complexity is relatively low, but it needs a lot of snapshots as a prerequisite; at the same time, most of the focusing matrices of these algorithms need to pre-estimate the DOA angles, and the focusing matrix is sensitive to the pre-estimated DOA values, especially when the estimated error is large, the overall estimation performance of the algorithm is not ideal.
With the development of sparse representation (SR) theory, sparse representation has also been gradually applied to DOA estimation of wideband signals. The simplest way is to use the ISSM thought, such as Malioutov [6] independently reconstructs the spatial spectrum of each sub-band data and obtain the final sparse solution by averaging. But the independent reconstruction of each sub-band may produce a large difference in the peak position and amplitude of the spatial spectrum of the different sub-bands. Another kind of sparse representation of wideband DOA estimation method is to use CSSM thought, in which the wideband signal is transformed into a narrowband signal by focusing, and then the sparse reconstruction algorithm is used to solve the solution. Zhao [7] used the RSS focusing matrix to focus the wideband signal, and then use the L1-SVD reconstruction algorithm to solve the DOA estimation, while Pan [8] makes the focused array covariance vector to be sparse and solves the sparse resolution by sparse Bayesian learning (SBL). These methods still have the drawbacks of the CSSM method, which requires the angle pre-estimation and be sensitive to the pre-estimation results.
LFM signal is a kind of classical non-stationary signal, which is widely used in radar, sonar, seismic detection, and so on. However, the traditional high-resolution DOA estimation algorithm does not apply to such nonstationary signals; the time-frequency analysis tools are introduced to solve this problem. Fractional Fourier Transform (FRFT) [9] [10] [11] [12] [13] [14] [15] [16] is a new time-frequency analysis tool which can reflect the characteristic information of the signal in the time and frequency domain simultaneously. It has excellent aggregation characteristic to the LFM signals but does not have cross-item interference. In FRFT, there is no point selection problem of secondary time-frequency distribution [17] . LFM signals can be easily separated, and their parameters also can be estimated. Therefore, it will obtain better performance than other time-frequency analysis methods by combining FRFT transform and array signal processing to achieve DOA estimation of the wideband LFM signals. It does not have cross-interference, and has excellent focus to the LFM signals. It makes the signal in the FRFT domain concentrated at one point, there is no secondary timefrequency distribution [17] of the point selection problem, making it easy to separate the LFM signal and to be able to estimate the parameters of the LFM simultaneously. Therefore, the combination of FRFT transform and array signal processing to achieve the wideband LFM signal DOA estimation, can achieve better performance than other time-frequency analysis methods.
Therefore, this paper proposes a DOA estimation method of wideband signal based on sparse representation of FRFT domain. The proposed method can deal with coherent signals directly without decoherence processing and avoid the cross-items. It does not need to pre-estimate the angles; at the same time, the number of signals does not need to know. Simulation results show that the proposed method can achieve better estimation performance and higher angular resolution, especially at low SNR.
The rest of this paper is organized as follows: firstly, signal models of wideband LFM signal in the time domain and FRFT domain are introduced in Section 2. Secondly, a DOA estimation method based on sparse model in FRFT domain is proposed in Section 3.
Thirdly, the simulation results and some discussions are given in Section 4. Finally, the conclusions of our work are summarized in Section 5.
Signal model

Wideband LFM signal model in time domain
Assuming that the receiving array is a uniform linear array (ULA) with array elements M, the array spacing is d, the number of far field wideband signals s k (t) (k = 1, 2, ⋯, K) is K, and the direction angles are (θ 1 , θ 2 , ⋯, θ K ), respectively, the expression of the k th LFM signal is
where C k , f k , μ k , and T represent the amplitude, center frequency, frequency slope, and pulse width of the k th signal, respectively. The signal received on the m th array element can be expressed as
where τ mk represents the delay of the reference signal received by the m th element, which can be expressed as τ mk = (m − 1)d sin(θ k )/c for ULA and c is the speed of light, n m (t) is the received noise. The LFM signal expression is substituted into Eq. (2), and the received signal can be further expressed as
In Eq. (3), a m (θ k , t) represents the component of the array steering vector on the m th array element, which is defined as
Integrate all arrays of received signals together, Eq. (4) can be written in matrix form, there are
where r(t) = [r i (t), r 2 (t), ⋯, r M (t)] T represents the signal vector received by all elements at time t, s(t) = [s 1 (t), s 2 (t), ⋯, s K (t)] represents the data vector received by all elements at time t, n(t) = [n 1 , (t), n 2 (t), ⋯, n M (t)]
T represents the noise vector received by all elements at time t, A(t) = [a 1 (t), a 2 , (t), ⋯, a K (t)] M × K is the array manifold matrix, and a k (t) is the steering vector of the k th wideband LFM signal incident on the array which can be expressed as
It can be seen from the Eq. (6) that the array steering vector changes with time, which makes the traditional DOA estimation method cannot be applied to the direction estimation of the wideband LFM signal, because these methods are based on the fact that the array-oriented vector is a stationary non-timevarying assumption.
Wideband LFM signal model in FRFT domain
According to the nature of FRFT [9] , the LFM signal will have good energy aggregation after a certain order of FRFT transform, that is to say, FRFT transform can bring the energy of LFM signal together, which is similar to "focus" thought. Therefore, we consider converting the received signal to the FRFT field for processing.
The FRFT transform is applied to the signal received on the m th element
where Z k m u; α ð Þ is the FRFT transform of the signal s k (t − τ mk ) and N m (u, α) is the FRFT transform of the noise n m (t). According to the time shift of the FRFT transform [10] , we can get
In Eq. (8), S k (u, α) is the FRFT transform of the signal s k (t), then
Substituting Eq. (9) into Eq. (8) can get
It can be seen from the Eq. (10) that the clustering property of the function
It can be seen that Z k m u;α k ð Þis a one-dimensional function of u, and when the conditionû k ¼ τ mk cosα k þ f 0 = cscα k is satisfied, the maximum value can be expressed as
For the reference element, that is, when m = 1, the delay τ mk = 0, so Eq. (12) can be expressed as
The peak size of the function can be expressed as
Where the peak position coordinate is the peak at ðα 1;k ;û 1;k Þ, ðα 1;k ;û 1;k Þ can be expressed as
The Eq. (12) is further simplified by the Eq. (14) to
In Eq. (16) 
Substituting Eq. (17) into Eq. (7), we can obtain
where R m ðû k ;α k Þ is a certain peak of the FRFT transform of the received signal of the m th matrix. Summarizing all the elements to receive signals and write them in matrix form, then
where Rðû k ;α k Þ and N ðû k ;α k Þ are the corresponding peak-value vector of the received signal vector and the noise vector after FRFT transform.
is the array manifold matrix of the FRFT domain, where b(θ k ) is the steering vector in FRFT domain of the k th LFM signal that is incident on the array, and the expression is 
DOA estimation based on sparse model in FRFT domain
In combination with the above analysis, we reduce the DOA estimation model of the FRFT domain of Eq. (19) to obtain a sparse representation model in the FRFT domain. Firstly, the whole space angle is evenly divided into L parts (L ≫ K), and the angle set Θ≜ θ 1 ; ; θ 2 ; ⋯; ; θ L È É is obtained. According to the Eq. (20), a redundant dictionary composed of an over-complete steering vector of the corresponding angle Θ can be generated
The sparse vector H ≜ {h 1 , h 2 , ⋯, h L } is defined as the signal amplitude value corresponding to all potential directions Θ. When there is a signal in the presence of θ i , the element h i is not zero, and its size is exactly the size of the corresponding peak after the FRFT transformation. When there is no incident signal in the potential direction, the element h i is 0, that is
Therefore, the FRFT domain DOA estimation model of Eq. (19) can be sparse as
Equation (23) is a sparse representation of all the elements, in which R is the peak value vector obtained from the FRFT transformation of the received signal on all the elements; N is the noise vector of the corresponding peak after FRFT transformed.
In this way, the DOA estimation problem becomes a solution to the sparse representation of Eq. (23). For the solution of this problem, if the minimum l p norm (0 < p < 1) is used, the sparse solution of the maximum a posteriori (MAP) criterion can be expressed aŝ
where
In order to obtain the optimal solution of Eq. (24), we need to satisfy the necessary condition that its derivative is zero where λ = |p|η/2 = |p|σ 2 /2β
The weighted minimum iterative solution of FOCUSS is used here to introduce weighted matrices
Therefore, the optimal solution H * can be expressed as
When the solution of Eq. (29) is changed into FOCUSS iterative process, the iterative relation of the optimal solution H * iŝ
In the iterative process, the initial solution can be obtained by the least square solution of Eq. (23)
The termination condition of the iterative process is the convergence of the optimal solution.
where δ is the allowable error. The normalized spatial spectrum is calculated by the sparse solutionĤ ¼Ĥ k obtained by iterative convergence.
Thus, the angle of DOA estimation of wideband LFM signals can be expressed asθ
In summary, the FDSM-ReFOCUSS method is summarized as follows:
1. The FRFT is performed on the received signal r 0 (t) of the reference element and the two-dimensional search is performed to extract the peak and the position coordinates fðû i ;α i Þgi ¼ 1Q corresponding to the peak (suppose there are Q peaks and Q ≤ K). The estimated value fðf i ;μ i Þgi ¼ 1Q of the center frequency and the slope of the Q LFM signal is calculated by the Eq. (15).
The fractional Fourier transform of order
is calculated for the received signal r m (t) of all other elements, and the one-dimensional spectral peak is searched and the peak position u i f g The proposed algorithm is used to solve the sparse solution, and the normalized spatial spectrum P(θ) is generated according to Eq. (35). 5. The peak value of DOA estimation of wideband LFM signals is obtained by spectral peak search of P(θ). 6. If q < Q, the step (3) is returned to continue, otherwise end the algorithm.
Simulation analysis and discussions
In the simulation, different LFM signals are generated according to Eq. mainly for the coherent wideband LFM signals, where the coherent LFM signal refers to the center frequency, the frequency modulation slope and the pulse width are the same, but their amplitude may be different. A ULA array with eight elements is used, and the element spacing is the half wavelength of the highest signal frequency.
The simulated SNR is defined as
where σ 2 S;k is the power of the k th source, and σ 2 N is the noise power. The DOA estimation accuracy in the simulation is characterized by the root mean square error (RMSE), which is defined as follows:
where K is the number of sources, N c is the number of independent Monte Carlo trials,θ i is the DOA of the i The spatial spectrums of the different DOA estimation algorithms are compared in Fig. 3 . In the simulation, three wideband LFM signals are assumed. The signal parameters of LFM signals are the same as those in Fig. 1 ; the DOA angles are 71.2°, 80.4°, and 109.5°, respectively. The SNR is − 10 dB. For the RSS-MUSIC algorithm [3] and the RSS-L1SVD algorithm [7] based on RSS focusing transformation, the beamforming (CBF) algorithm [18] is used to pre-estimate the angles.
It can be seen from Fig. 3 that the RSS-MUSIC [3] algorithm, the RSS-L1SVD [7] algorithm, and the FRFT-SSMUSIC [13] algorithm are all invalid. The main reason for the failure of RSS-MUSIC and RSS-L1SVD is that the CBF algorithm has a large error in preestimating the angles, due to source angle interval is less than the beam width of the array. In addition, the lower SNR also makes the estimation error larger. Although FRFT-SSMUSIC algorithm can remove the signal coherence using spatial smoothing, its angle resolution is not good. However, the proposed algorithm can estimate the angles of coherent wideband LFM signals very well and has high angular resolution. It can be seen from Figs. 4 and 5 that the estimation performance of the proposed algorithm is better than other algorithms whether it is large angle interval or small angle interval. Although FRFT-SSMUSIC algorithm has good estimation performance in the case of large angle interval, second only to the proposed algorithm, but in the case of small angle interval, its performance is poor, especially at low SNR. The performance of the WCMSR algorithm is better than RSS-L1SVD and RSS-MUSIC, but these three algorithms have larger estimation error in the low SNR conditions, especially RSS-MUSIC algorithm, which cannot work at low SNR. Figure 6 shows the relationship between DOA estimation performances and the angle difference of the two signals. For the RSS-MUSIC and RSS-L1SVD algorithms, the ideal DOA pre-estimation is used. The signal parameters of LFM signals are the same as those in Fig. 4 and the SNR is set 0 dB.
It can be seen from Fig. 6 that the estimation performance of the proposed algorithm is better than other algorithms whether in estimation error or in successful estimation probability. However, the performance of FRFT-SSMUSIC algorithm is poor when the angle difference is less than 5°. The RSS-MUSIC algorithm has larger estimation error when the angle difference is less than array beam width (16.4°), whereas when the angle difference is greater than array beam width, its estimation error will decrease with the increase of the angle difference. The RSS-L1SVD algorithm is better than RSS-MUSIC algorithm, although its performance is less than the proposed algorithm.
Conclusions
In this paper, the FRFT transform is used to estimate the LFM signals, and a DOA estimation method for wideband LFM signal based on sparse representation is proposed. The proposed method can deal with coherent signals directly without decoherence processing and avoid the cross-item interference. It does not need to pre-estimate the angles; at the same time, the number of signals does not need to know a priori. Simulation results show that the proposed method can achieve better estimation performance and higher angular resolution than the traditional methods, especially under the low SNR and small angle difference conditions.
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